An explicit AdS/CFT correspondence is shown for the Lie group SO(4, 2). The Lie symmetry structures allow for the construction of two physical theories through the tools of Cartan geometry. One is a gravitational theory that has anti-de Sitter symmetry. The other is also a gravitational theory but is conformally symmetric and lives on 8-dimensional biconformal space. These "extra" four dimensions have the degrees of freedom used to construct a Yang-Mills theory. The two theories, based on AdS or conformal symmetry, have a natural correspondence in the context of their Lie algebras alone where neither SUSY, nor holography, is necessary.
Introduction
The original AdS/CFT conjecture [1] , now generalized and referred to as the gauge/gravity correspondence, has been widely successful at making connections with the realms of condensed matter physics [2] and quark-gluon plasmas [3] . Here we show, starting with the Lie group (algebra) structure, how to construct two theories (manifold, fields, metric, action principle) with an exact correspondence that relates fields in one theory to those in the other. The correspondence is given by the change of basis from AdS generators to conformal generators and constructed using Cartan geometry, which gives us the toolkit to build a manifold, together with connections, curvatures and metric structure, from the Lie symmetry structure. The correspondence will be between two theories of external symmetries, i.e. gravitational theories, but links will be made with Yang-Mills theories 2 via other well known results, both from the perspective of graviweak theories, [5] , and from Euclidean general relativity [6] . In the latter case the Yang-Mills theory depends on the appearance of a Euclidean inner product within the conformal theory, derived from the Killing metric of the Lie algebra; a result known from previous work in the gravitational gauge theory that gives biconformal space [7] . A Cartan geometry uses the principal fiber bundle, constructed by taking the quotient of a Lie group, G, by one of its Lie subgroups, H, as a model space for a curved manifold. The Maurer-Cartan equation gives a set of differential relations between the connections defined via an association to the Lie algebra generators. The Cartan connection, taking values in the Lie algebra, g, is a curved version of those connections [8] . From a gravitational perspective this procedure gives a generalization of Riemannian geometries where the tangent spaces of the manifold are replaced by the homogeneous space, constructed via the quotient G/H. This construction goes back to Cartan [9] and has been used in the context of gravitational gauge theories since around 1960 [10, 11] . Investigations into SUSY gravitational theories renewed interest in these techniques in the late 70s through the 80s [12, 13, 14, 15, 16] . For a modern construction see [8, 17, 18, 19] .
Since the connections introduced in these geometries are equivalent to gauge fields, this construction works equally well for constructing theories with internal symmetries, i.e. particle theories. In the case of internal symmetries the subgroup, H, is usually thought of as a normal subgroup 3 , G = T × H. Cartan geometries can be used to write down both general relativity and the standard model of particle physics (or rather its non-quantized predecessor).
In this manuscript we outline how to explicitly map the fields in the AdS symmetric theory to those in the conformally symmetric theory and present the technique for extending this calculation to other symmetries. The mapping to a Yang-Mills theory relies on the choice of the conformal gauging that gives biconformal space, described below. The original conjecture is a correspondence between the degrees of freedom of an AdS spacetime and a conformally super symmetric Yang-Mills theory, in the context of string theory. The equivalence shown here differs in that it is classical and non-SUSY, in contrast to the full blown gauge/gravity duality of string theory, which includes quantization, supersymmetry (however, see [21] ), and holography. The methods used here may hint at a path towards a generic proof of the original conjecture.
The Anti-de Sitter / Conformal Symmetry Correspondence
In the present case we wish to construct two theories from the symmetries described by the Lie group SO(4, 2), a 5-dimensional AdS-symmetric theory and a 4-dimensional conformally symmetric theory. Since the original conjecture is posited in these dimensions, we use them where necessary for brevity. However the construction, and notation, are well suited for any SO(n, 2). The most straightforward interpretation of SO(4, 2) is as the pseudo-rotation group in 6-dimensions, known as the defining representation. The generators of any SO (p, q) group can be written as M A B , where the indices denote the plane of the pseudo-rotation and the upper index has been raised by the orthonormal metric
These generators are then viewed as the set of symmetries that keep the form of η AB unchanged. In our present example we use the metric in the following form, η AB ≡ diag (−1, 1, 1, 1, 1, −1) . The index A runs from 0 . . . 5, the typeface Latin indices from the center of the alphabet, i, run from 0 . . . 4 and the lower case Latin indices, a, run from 0 . . . 3. The indices are nested in the following manner, A = (i, 5) = (a, 4, 5). For clarity no indices will be raised or lowered; all metrics will be explicitly shown.
There is an accidental relationship between the pseudo-rotation generators of 6-dimensions and those of both the AdS symmetries of a 5-dimensional space and the conformal symmetries of a 4-dimensional space, which all have the same Lie algebra, so (4, 2). Using our nested notation for the indices we can write these generators using three different bases of the Lie algebra, each representing a different physical set of symmetries,
The generators in the center column give the set of pseudo-rotations in a 6-dim space. Those on the left give the AdS symmetries of a 5-dim space, where we have included the natural length scale, ℓ, present in an AdS geometry. Finally, those on the right are the natural basis for the conformal symmetries of a 4-dim space. Every Lie group comes equipped with a 1-form, called the Maurer-Cartan (MC) form, θ, satisfying the equation
. This is usefully expanded in a Lie algebra basis (1) that, in our conventions, the forms ω a and ω a are distinct and are related to the translations and special conformal transformations, respectively. One can move from one version of the equations to another simply by using the relations between the bases given in Eqn (1). These relations will give us the direct correspondence between the forms in the AdS version of the MC equation and the conformal Pseudo-Rotations group version of the MC equation and can be written down explicitly,
where the left side lists forms from the AdS basis and the right side lists the equivalent combination of forms from the conformal basis. Remember that our nested notation allows us to write the connections in the following way, ω
), where we have omitted redundancies from the antisymmetry of the forms. It is these mathematical relationships that inspired Maldecena's original conjecture. Our construction will break the equality of the left and right sides of Eqn (2), since this only holds in the full group manifold. Once we use Cartan geometry to build an action, the correspondence in Eqn (2) gives rise to an explicit physical example of the AdS/CFT correspondence.
Building a Physical Theory
In order to build a physical theory we begin by constructing a Cartan geometry. The MC equation is the foundation of the geometric information given by the Lie group structure. The brief introduction below is in no way comprehensive, for more background see references listed in the introduction. 4
Quotient Manifolds as Homogeneous Model Spaces
Quotients of the group SO (4, 2) by different subgroups will allow us to look at theories based on the different local symmetries. In general, a Lie group, G, quotiented by a subgroup, H, gives a principal fiber bundle with base manifold, M, of dimension, dim (M) = dim (G)− dim (H). The Maurer-Cartan form on G induces a (flat) Cartan connection on this quotient (principal fiber bundle) taking values in the Lie algebra g associated with G. The Cartan construction then uses this homogeneous space as a model space by looking at the bundle of these spaces over an, in general curved, manifold of the same dimension as M.
The Cartan curvature, Ω A B , for any SO (p, q) group can be written as
where the curvature encodes the deviation from the manifold being flat 4 . The curvatures are required to be horizontal, and thus describe curvature of the manifold only.
Note that all subsequent versions of the Cartan equation are nothing but different choices of basis for the generators of the Lie algebra that better suit the local symmetry of our theory. These curvatures, along with any other tensorial objects (e.g. the totally anti-symmetric symbol, ǫ ABCDEF ) can then be used to construct an action principle, and hence, a physical theory.
Example: Anti-de Sitter Relativity
As a pertinent example we take the quotient SO(4, 2)/SO(4, 1). This gives us a principal fiber bundle with a 5-dim base manifold, where we interpret the fibers as the Lorentz symmetries of a 5-dim space. Through the Cartan construction this homogeneous space is used as the model space for a curved manifold. The set of structure equations on the manifold are identical in form to the standard tetrad version of an Einstein-Cartan geometry with cosmological constant, Λ = − (n−1)(n−2) 2ℓ 2
.
We have included the torsion, T i , for full generality, but, just as in Einstein-Cartan theory, our action will set T With this curvature we can write down an action, using differential forms, that is identical to the Einstein-Cartan action, S = η in Ω j n ∧ E k∧ E l∧ E m ǫ ijklm , except that we use the Cartan curvature in 5-dim, instead of the Riemann curvature in 4-dim. Varying the action with respect to all the connections (a Palatini variation) gives the expected field equations.
The metric, defined as the restriction of the Killing form of SO (4, 2) to the base manifold, is used to define the inner product of the basis forms,
Unlike in a Riemannian geometry, the metric comes directly from the symmetry structures. Written in terms of the Riemann curvature and the cosmological constant,
η lj , we have the vacuum Einstein equation with cosmological constant,
Λη ij .
These equations are identical to the Einstein equation with negative cosmological constant. We have constructed a theory whose flat solution, in the sense of the Cartan curvature, is AdS 5 and whose vacuum solution always possesses a cosmological constant. This result holds in any dimension n > 2. One only needs to start with G = SO(5, 1) to have the de Sitter case.
Lie Algebra-Valued Curvature
One final note about these theories is that there is a choice in writing the action. The action can be written with the full G-symmetry and then projected to a space with the more restricted symmetry. This is the choice used for the familiar MacDowell-Mansouri action [12, 22, 19] . In [18] Westman and Z lośnik use this type of approach to investigate the AdS/CFT correspondence. Above, however, we have chosen to build the action using tensors of the more restricted local H-symmetry of the quotient manifold.
Regardless of this choice, the curvature 2-forms always take values in the Lie algebra g, giving immediate correspondences between them:
6 Although these curvatures are horizontal with respect to different fiberings of G, we may regard them all as restrictions of Cartan curvatures of the full group, M = G/I = G. Thus, each is a special case of
Translation in AdS is the Weyl Connection in the CFT
The purpose of this section is to demonstrate how the methods used in the standard AdS/CFT correspondence connect with the links seen through the lens of Cartan geometry. In (n + 1)-dim one may write down the AdS metric in conformal coordinates as
where η µν is the n−dim Minkowski metric. The process by which one corresponds an (n + 1)-dim gravitational theory to an n-dimensional conformal field theory in the context of string theory relies on the fact that in the limit r → ∞ the boundary of the "bulk" metric appears as an n-dim conformally invariant theory based on Minkowski space. As stated in [23] "the gauge theory can be naturally thought of as 'living on the boundary' of AdS: it is formulated on a spacetime which is in the same conformal class (the relevant structure for a conformal field theory) as the boundary metric induced from the bulk". Remarkably, when we look at the correspondence given in Eqn (2), we see that one of the 1-forms spanning the co-tangent space of the 5-dim manifold (here chosen as E 4 ) corresponds to the Weyl connection in the conformal theory, the connection related to the generator of dilatational symmetries. In other words, the r coordinate direction becomes the conformal scaling freedom of the metric, obvious from Eqn (6) and from the correspondence given in Eqn (2). Explicitly we can set
to get an orthonormal basis. Then the correspondence E 4 = ω shows that
and a gauge change e φ that changes the Weyl vector by dφ = d (ln r) means that e φ = r.
Two Conformal Cases
There are four distinct Cartan equations when written in the conformal generator basis. They relate the connection 1-forms of Lorentz transformations, translations, special conformal transformations and dilatations and their derivatives.
Of the scale invariant quotients, there are two options to choose from that keep Lorentz symmetry: H can either be the Weyl group (Lorentz group with dilatations) or the inhomogeneous Weyl group, (Weyl group plus translations) 5 .
The Auxiliary (Parabolic) Case
The quotient of SO (4, 2) by the inhomogeneous Weyl group puts Lorentz transformations, dilatations and the special conformal transformations on the fibers. This leaves a 4-dim base manifold that is locally symmetric under the inhomogeneous Weyl group. Most conformally symmetric gravity theories are based on this set of symmetries being on the fibers of the bundle, including Weyl gravity, Tractor calculus and the boundary of AdS space in general relativity. The projection of the Killing metric to the base manifold in this quotient is degenerate, therefore it cannot be used as an inner product. We mention this case, only to contrast it with the biconformal case discussed in the next subsection that has a non-degenerate projection and hence an inner product.
In addition, the ω a have been shown to be auxiliary, in the sense that no matter which Lagrangian is chosen the ω a can always be written in terms of the Riemann curvature and its traces [24] , see also [4] .
The Biconformal Case
The quotient SO (4, 2) / (SO (3, 1) × SO (1, 1) ), where we refer to the quotient manifold (and its curved generalization) as biconformal space (BCS), has been studied in detail by the author and collaborators. Most often the "extra" 4-dim 6 , spanned by the ω a fields, have been interpreted as a co-tangent space to the other 4-dim, hence those dimensions are thought of as momenta in a particle theory [25, 7, 26, 27, 17, 28] . This stems from an interpretation of the the dilatation structure equation as a symplectic form, i.e. a closed non-degenerate 2-form that spans the base manifold, and sets up a canonical structure. In a Cartan geometry constructed from this quotient the dynamics are not restricted as in the auxiliary case. Therefore, the most important physical difference between biconformal space and the auxiliary case is that in this case one can construct a Lagrangian, linear in the curvatures, which is conformally invariant [27] . The field equations manifest the Einstein field equation in most simplifications. While the vacuum Einstein equation still appears, the main result of this manuscript is based instead on interpreting the ω a as gauge fields on spacetime.
There are two options for the inner product of the two submanifolds of biconformal space. One can endow the submanifolds each with the inner-product of their choosing (usually Lorentzian), as one does in a Poincaré gauge theory of gravity, (and in fact most constructions of GR). However this is not necessary in biconformal space where the group structure hands one a metric. Unlike the other conformally symmetric quotient, the Killing metric of the generators projected to the quotient manifold in biconformal space is nondegenerate. An explicit basis for the connections of homogeneous biconformal space is provided by Wheeler, [25] ,
where w a are coordinates spanning the spacetime. The other 4-dim have coordinates s a , and possess an inner product, derived from the Killing metric.
Just as in Riemannian geometry, where a curved geometry may inherit an inner product from the tangent space, a Cartan geometry may inherit an inner product from the homogeneous space. It has been shown in the SO(5, 1) case [29] that the form of this metric changes the signature of the original metric from a positive-definite Euclidean inner product to one with a Lorentzian signature, η ab = diag (−1, 1, 1, 1) . As shown in [29] , if one wants complementary Lagrangian submanifolds they necessarily have (p, q) and (q, p) signatures, respectively. However, if the submanifolds are oblique it is possible to place the Minkowski metric on one and Euclidean metric on the other without imposing anything by hand. The fact that the separate submanifolds of biconformal space may possess either a Euclidean and/or Lorentzian signature metric is crucial to the conclusion of this manuscript.
Discussion
The goal of this note is to demonstrate how a Cartan geometry gives the correspondence between physical theories based on the same overarching symmetry group, G. The correspondence of the connections of the Cartan geometry can be viewed from a different geometric perspective by noting that the SO(4, 1) subgroup may be achieved by holding one of the time dimensions of SO(4, 2) fixed. The biconformal symmetry may be seen geometrically as holding one spatial dimension of the SO(4, 1) symmetry apart from the rest, but allowing boosts between it and the fixed time direction that gives the SO (4, 1) . Therefore, the SO(3, 1) subgroups may be exactly identified between the two quotients.
It remains to describe where the degrees of freedom of a Yang-Mills theory emerge. There are a number of candidates already extant in the literature of a (conformal) YangMills theory that can be constructed on the biconformal space. It is out of the scope here to cover them in detail, however below we summarize two possible routes to the YM theory.
Imposing the Lorentzian signature metrics on both submanifolds of BCS, a straightforward route to an SU(2) YM theory is via a graviweak theory [5] . In the construction by Nesti and Percacci, the anti-selfdual sub-algebra of the (complexified) SO(1, 3) symmetry is identified with the SU(2) L isospin group appearing in the standard model. This decomposition allows for the building of a fermionic action, and in the case of biconformal space the theory is conformally symmetric by virtue of the Weyl connection. Another example of such a theory, using an extended Plebanski action, is discussed in [30] . Such a theory's degrees of freedom would use the "extra" connections of BCS or be a part of the 4-dimensional theory in the parabolic case.
The existence of a Euclidean inner product in BCS allows for an even cleaner decomposition, since SO(4) is isomorphic to SU(2) × SU (2) . Such a decomposition is well known in the Euclidean gravity community from research on gravitational instantons [6] . Using a similar formalism to [31] , one can decompose the Riemann tensor into self-dual and anti self-dual parts.
The F (±)A ab are SU(2) curvatures, the self-dual (+) and anti self-dual (−) components of the SO(4) curvature, the T (±)A cd are 4 × 4 matrix representations of SU(2) generators and the capital A indices run 1, 2, 3, over the two sets of SU(2) generators. The lower case latin indices are in the usual orthonormal frame. Decomposing the Riemann tensor into (anti)self-dual pieces, as in Eqn (7), and taking the divergence gives
If the metric is self-dual or anti self-dual (i.e one of the F (±)A ab = 0) then the theory is equivalent to a topological SU(2) YM theory 7 , the instanton. This follows from the triple antisymmetry of the 2nd Bianchi identity. See [31] for details. A generic metric with a curvature tensor possessing both (anti)self-dual pieces is not trivial, as is the instanton, but still decomposable. In this more general case the divergence of the Riemann tensor can be replaced by the curl of the Ricci tensor, which is zero for a large class of solutions to the Einstein field equation, such as Einstein manifolds. Then Eqn (8) is equivalent to two vacuum YM field equations. If the curl of the Ricci tensor does not vanish then it can be decomposed into (anti)self-dual components and viewed as a source for the YM fields. This association, known since the early 1980s in the context of Euclidean gravity, sets up biconformal space as the perfect stage for a AdS/CFT correspondence, where one submanifold can be interpreted as the background spacetime, and one submanifold, along with its connections, can act as the CFT.
Using this "CFT from Euclidean Gravity" approach it is straightforward to track the connections through Eqns (2), (5) & (7) from the anti-de Sitter theory through to the effective YM theory on biconformal space. Since the theory is manifestly conformally symmetric one obtains a conformally symmetric Yang-Mills field.
A different approach to building a particle theory from gravitational degrees of freedom in BCS is studied by Lovelady and Wheeler [20] , where they investigate the SO(5, 1) (de Sitter) case. Their work shows the broad applicability of Cartan geometry to these types of problems. In fact, it should be possible to show, using the relationships between the BMS symmetry group and the Galilean conformal algebra explored by Bagchi, et al. [33, 34] , how to use a quotient of the Poincaré group to track a similar correspondence using Cartan geometry.
We have shown that building two theories, one with AdS symmetry on a 5-dimensional manifold and one with conformal symmetry on a 4-dimensional manifold is straight forward in the context of Cartan geometry. The correspondence we speak of here is not the AdS/CFT correspondence of string theory. The main difference is that we do not show a connection between a classical gravitational theory and a quantum Yang-Mills theory. Instead we show that the classical theories based on AdS or conformal symmetry have a natural correspondence in the context of their Lie algebras alone. For this correspondence, we have shown that neither SUSY, nor holography is necessary.
